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We extend the atom-atom interaction site model to a fluid of polyatomic molecules in an external field by

deriving the first Born-Bogoliubov-Green-Kirkwood-Yvon(BBGKY) hierarchy for a nonuniform system.

It is

shown that the intramolecular structure contributes to the density gradient as well as the intermolecular correla-

tions.

for the gradient of the pressure tensor in inhomogeneous fluids.
An examination of the so-called RISM theory") of uniform

check on any theories of the interaction site variety.

By invoking the mechanical equilibrium conditions for microscopic forces we also obtain new expression

The BBGKY equation provides a consistency

fluids shows that the latter is inconsistent with respect to the BBGKY condition.

The interaction site model (ISM) for structured mole-
cules in a uniform medium has been widely studied in
literature.l-1?) It has been applied to the hard poly-
atomics, soft polyatomics?~1? and to simulate real
molecules (e.g. CO,,» benzene!®1®) and water?).
One of the popular theories is the so-called reference
interaction site model¥ (RISM), based on certain ap-
proximation to the site-site direct correlation function
(ss-dcf). Recently some inconsistencies inherent in
RISM have been discovered!®-2% and modifications to
it have been proposed.?*:24) It is desirable to have an
alternative theoretical framework to RISM where exact
relations are used. Here we present the formal results,
the BBGKY hierarchy, for a nonuniform system using
the ISM potential model. Applications will be post-
poned to a future study.

In section 2 we shall define the singlet (one-body)
and pair (two-body) correlation functions in a grand
canonical ensemble for polyatomic molecules (PM) in
an external field. This picture may, say, correspond to
the adsorption of structured molecules near a potential
surface (the adsorbent phase). The first memeber
of the Born-Bogoliubov-Green-Kirkwood-Yvon hier-
archy is then derived. This equation is exact. We
can interpret the results as specifying the linear momen-
tum balance at the microscopic level.?®) From the
equivalence of the mechanical equilibrium conditions
with the BBGKY equation?® we are able to express
the pressure tensor in a nonuniform fluid in terms of
the site-site correlation functions. This new expression
can be contrasted with other known expressions of the
pressure tensor.2’-39) Since the BBGKY equation is
exact, any ISM theories concerning the correlation
functions must satisfy this equation. Thus we have a
consistency condition based on the BBGKY. We ana-
lyze the conventional RISMY theory in light of our
new theoretical framework and discover that the Orn-
stein-Zernike-like equation given for the ss-dcf in the
RISM is not exact. Its corrected form is one involving
the incorporation of a Q factor (Section 5), whose
form is explicitly given here.

The Grand Canonical Ensemble

In this section we give an explicit definition of the
distribution function in a grand canonical ensemble.

These explicit definitions will be found to be useful in
the derivation of the BBGKY hierarchy.

For the simplicity in notation, we consider first a
fluid of heteronuclear diatomics under the influence of
an external potential, U(.). There are N, atoms of
type a, and N,, (N,=N,), atoms of type b. We dis-
tingulsh the pair interaction, u (asy,), between atom
% in molecule i and atom y, in a different molecule
J (i-e. intermolecular potential) and the pair interaction,
G (a,b,), between atom a and atom b of the same
molecule i(i.e. intramolecular potential). We shall be
brief in our descriptions.3:32 Let Vy, (N=N,+N,),
be the sum of the atom-atom potential energies,

Vn =32 Zuey) + 2 u(agby)
t<_l a,r

@.1)

and Wy be the sum of the one-body energies,

Wy = %‘. > Ulo) (2.2)
The grand canonical partition function, £[U], is given
by

Z. zb

glul= IN,!

fd{N }d{N,} exp (— BVx— W),
2.3)

where z, is the activity of species a (x=a,b), f# is the
reciprocal temperature, (kT)~!, k=the Boltzmann con-
stant, {N,} is the set of position vectors, {a;,a,,. .,an},
where a, represents the distance vector, ri; and d{N,},
the product of the differentials da,da,-- I' is the phase
space appropriate for the diatomics (we exclude the
regions of phase space where chemical decomposition
of the diatomics takes place). The singlet density,

® (a;; U), and the pair densities, o3 (a;by; U),
and p,, (a,b;; U) are defined as,

1 z*zy®
pP (a3 U) = E[U] N);} N—D)IN,!

x [N )N~ 1) exp (—pVa—W), (2.4
1 zZhezpe
pﬁ,,)(albg;U) = E[U] 1;“;% (N, —1I)IN, (N, —2)!
X ]pd{N-’ 1}d{N, — 1} exp (— fVn— W) (2.5)

and
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;g?(%bl; U)=—= ! 2 iz
50T §5 (N.—DIN,

x [ AN AN~ 1) exp (- ri—pW), (2.6)

where the argument, ;U, inside the functions denotes
the nonuniformity (when U=0, we have the homo-
geneous case). The overbar, —, denotes the intramo-
lecular quantities. We have not specified the nature of
the inhomogeneity, U. It should assume the form ap-
propriate for the problem at hand. For example, in
planar adsorption U has the form of Lennard-Jones
10-4 or 9-3 interaction,?) or of the Boltzmann averaged
form.39 For electrified walls, the Coulombic forces
should be added. However, our equations are general.
With these definitions at our disposal, we can proceed
to the derivation of the BBGKY equation.

The BBGKY Equation

With the definition of the singlet density in (2.4),
it is possible to derive the first equation in the BBGKY
hierarcy for the ISM. The procedure follows the same
line as in the monatomic (MA) case.?-3") In order
to avoid tedious notation we propose the following ab-
breviations:

e”(2)) = exp [— U ()] 3.1)

et (a;) = exp [+ BU(ay)] (3.2)

E*7(ayy;) = exp [— Bo(ayp))] (3.3)
also,

San(-+) f db,da,db,---day,dby,(--) (3.4)
and

i, = ez (3.5)

(N.=1)!N, (N, —2)!

where v is the pair potential, which becomes U for
intramolecular interaction or u for intermolecular in-

teraction. Thus Eq. (2.4) can be written as
PP(a13U) = grpm TS 0B (arhy) Eae(arey)

(3.6)

where we have exhibited three typical Boltzmann
factors. Denoting the gradient operator with respect
to r. as V,, we differentiate both sides of (3.6)

et(a;)« -

V1oP(ay3U) = E[UI S 8,
- Vlﬁﬁ(albl)Eab(albl) o

x|~ ? (N, —1)V1Bu(ae;) Ee(aze,) (8.7)

—V1BU(ar)er(ay)--

Applying the definitions of the singlet and pair densities,
we obtain

Vip®P(ag; U) = — f db, V. (ayby) - 58 (ayby; U)

- 2 [davipute)- o8 e V)

= ViBU(ay)- p{ (213 U)
(BBGKY: Diatomics)

(3.8)
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This is the first member of the BBGKY equation for
heteronuclear diatomic molecules immersed in an ex-
ternal field. We observe the appearance of the intra-
molecular pair density, 2, as well as the usual inter-
molecular one, p®. Higher members of the hierarchy
can be similarly derived. Equation (3.8) similar to the
monatomic case is not closed. In order to solve for
the densities, a closure relation is needed. However,
the relation given is exact. Any theory concerning the
correlation functions must satisfy (3.8) in order to be
consistent. In fact, the first member of the BBGKY
hierarchy is known to express the force equilibrium
among the molecules. The consistency check is then
a check on the mechanical equilibrium.

The Pressure Tensor

From a microscopic linear momentum balance, one
can show?-27:38) that the mechanical equilibrium con-
dition in a nonuniform fluid is given by

ZV.PQ) = - 2 pP@V,U) (4.1)

ﬂ,V:x, y,z

where P*” is the pressure tensor and U is the external
potential. For structured molecules with non-central
forces, P** may be asymmetrical.28-30) The well-known
equivalence of the first BBGKY hierarchy and the
mechanical equilibrium condition requires26)

SV.-pP Q) = ZV,09(q;U)
+ = 2 [ deyv,Bulqe) - oL (qe; U) (1-46,,)

s f deyV, Bulae) 0% (aeU)  (4.2)

We obtain a microscopic description of the pressure
tensor (via its gradient) in terms of the site-site cor-
relation functions and the inter- and intramolecular
potentials. (N.B. the factor (1—4..), is to remove the
one-atom autocorrelation, p%..) It is obvious to see
that the first term on the righthand side (RHS) is the
kinetic contribution (ideal gas term), while the second
term is the interaction contribution due to the internal
forces, Vu(a;y;); and the third term due to the usual
intermolecular forces, Vu(e;y;). The pressure tensor
P** is known?-27) to be not uniquely defined. Its
gradient, VP, however, is well behaved,?® i.e. the mi-
croscopic P** is defined modulo a divergenceless quan-
tity.28) Since our system is nonuniform (U#0), the
pressure tensor is asymmetric (the singlet density is
anisotropic in the orientation space and the angular
velocity in general lacks local orientational rigid-
ity.28-39))  Even though we are in an atomic picture,3®
the intramolecular contribution (the second term) shall
contribute to the asymmetry and to the so-called body
torque.26:29) In the limit o ® =0, we recover the fami-
liar pressure tensor expression as given by Irving and
Kirkwood,2? Bearman and Kirkwood,*® and Davis

and Scriven.4l)
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Analyses of the RISM

We have mentioned in Sect. 3 that any theory on
the site-site functions should satisfy the consistency con-
ditions posed by (3.8). We now check the RISM.
The original theory! on the site-site direct correlation
function (ss-dcf), ¢ (osy;), (i#f), can be written via
a matrix form,

[0718/p® —c®]  [0pPw+FOl ¢, = 0,180 (5.1)

(as we shall see shortly, this is not the exact Ornstein-
Zcrnike (OZ) relation.  Actually, it is an approximate
form of the OZ rclation). In (5.1), 6 is the unit matrix
(or the Kronccker dclta, d.,), d,(qr), is the Dirac
delta function; o is the intramolccular structure used
in RISMD and is related to our intramolecular pair
density, p®, via

%1 PP (0)8, cw(8y) = pP()dp(ap)dyr + PP (xp)(1—64r)
(5.2)

and F® is the truncated (Ursell) pair correlation func-
tion,

FOayp,) = — 0@ (@)pP(vy) + 095 (%7,), (5.3)
In Eq. (5.1) the matrix multiplication conventions have
been used (i.e. summation over repeated indices and
integration over repeated arguments).

As was shown by Lebowitz and Percus2-4) the basis
of OZ is the matrix inverse properties of the two func-
tional derivatives,

0(=BU)  p®
dp®  6(—pU)
With the definition (2.4) for the singlet density, it is
easy to show?®) that the derivative dp®/[6(—pU) is
9p (=)
o(=BU ()
(Here we have suppressed the inhomogeneity, ;U).
Thus (5.5) accounts for the second factor on the LHS
of (5.1). The first factor of (5.1) must correspond to
the functional derivative 6(—BU)/dp M in order to satisfy
the exact mathematical condition (5.4). To estimate
this so-called ‘‘compressibility” derivative,?6:4") we no-
tice that Eq. (3.8) can be rearranged to give,

Vx[_ﬂU(al)] =Viln P(-l)(al)
+ f db, ¥, Bu(aby) P2(ayby) 0% (ay)

= 80p (5.4)

=3 00,0 () + F () (5:9)

s f deVuBu (aes) 02 (r62) 0D (a) (5.6)

Assuming the interchangeability of the two differential
operators, V, and 8(.)/d0@) (see e.g. Percus*®)), we can
functionally differentiate (5.6) to get,

3(—BU) _ s [ p®
Vi—y 0® T Vi + dblVIﬂu-é\pT(—p(—;))
5 p®
-3 [ (o)
In comparison with the MA case, it is natural®® to

identify the ss-dcf which is the correlation function
between atoms in different molecules as the last term

éln p®
50®

(5.7)
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on the RHS v,c®, of (5.7):
> _ d o (P2

Vic® = — %1 52V1ﬁu3;§,— 0®
The first term on the RHS (Eq. (5.7)) is due to the
ideal gas (kinetic) contribution (see Eq. (4.2)); while
the second term is due to contribution from intra-
molecular forces. We shall call this term Q, i.e.

(5.8)

_ d1In p® ) F(:)
V1Q= VIW +fdb1Vlﬂu (Sp(l)( p(x) )
Comparing (5.7) with (5.4) and (5.1) shows that if
the RISM assumption (5.1) were correct, the quantity

Q in (5.9) should be given by

ot )

modulo a divergenceless quantity. The question mark
on the “?” sign is to question the equality of the
two sides. A check of the cluster expansions?®24 for
® shows that this equality does not hold beyond the
first density term; i.e. the quantity in (5.9) is not the
same as was assumed in RISM to be w=1(6/pM):

(5.9)

(5.10)

%) PR
8 o pPe®
w-1 =A-!
(P"’) ) PN
CePe? P
A R
| PP T PP T oPp?
o8 b | _pteeR
S ePe® o0 T oPpe®

(5.11)

where A is the normalization factor. Therefore the
RISM assumption (5.1) does not satisfy the BBGKY
condition. (There was an additional assumption on
the ss-dcf in RISM,5 which we shall not comment
here.) We conclude that the relation (5.1) is not a
true Ornstein-Zernike relation (we base our definition
of OZ on Eq. (5.4)). And the conventional RISM
theory is not an exact theory in more ways!®-2%) than
one.

Discussions

From explicit definitions of the correlation functions
in the interaction site model we have derived for the
first time the BBGKY equation in a nonuniform sys-
tem. We specialize to the case of the heteronuclear
diatomics. Higher polyatomics can be easily treated
along analogous lines. Since the BBGKY equation is
equivalent to the mechanical equilibrium condition,
we are able to express the pressure tensor in terms of
both intra- and inter-molecular correlation functions.
These connections confirm that the gradients of the
density and the external potential are related to micro-
scopic force balances. Therefore any equations relat-
ing the many-body distribution functions using the ISM
approach much satisfy this microscopic force balance
condition. We examined the reference interaction site
model and found that its proposed Ornstein-Zernike-
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like equation is not consistent with the general form
of the BBGKY equation.

In the monatomic case, other types of hierarchy
were given for the gradient of the singlet density, e.g.

Vit® = OV(—pU) + o [d2cOv0®  6.1)

as given by Lovett ef al.®) (See also®4:52:53)). Their
implications in the polyatomic case shall also be in-
vestigated in the future.

In the MA Henderson®® has derived the following
pressure gradient relation based on the potential dis-
tribution theorem of Widom,5%

SVBP" = pOVIn p® — pOYt,  (MA)  (6.2)
where c® is the one-body direct correlation function.
Since the two-body dcf, c¢®), can be obtained from

¢ yia the functional differentiation5%
8cO(r)

dp®(r) ’

we could differentiate (6.2) with respect to (8/6p®)

(after interchanging the order with the gradient V)4
to obtain

8 [ pP:
v = - 2V

where P§* is the configurational part of the pressure
tensor. Equation (6.4) bears striking resemblance to our
Eq. (5.8) after the substitution of (4.2). In this respect
the monatomics exhibit similar behavior as our di-
atomic case. (In fact our diatomic equations should
reduce to the MA case when the intramolecular po-
tential is set equal to the intermolecular one; or when
p®=0). In fact Eq. (6.4) lends support to our iden-
tification (5.8). The potential distribution theorem has
played an important role in the computer simulations
of the chemical potential in MA.56-%2) Its extension
to polyatomics is under investigation.

O, v) = (MA)  (6.3)

(MA)  (6.4)
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